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Abstract. In this paper we extend the notion of a locally hyper- 
cyclic operator to that of a locally hypercyclic tuple of operators. 
We then show that the class of hypercyclic tuples of operators forms 
a proper subclass to that of locally hypercyclic tuples of operators. 
What is rather remarkable is that in every finite dimensional vec- 
tor space over R or C, a pair of commuting matrices exists which 
forms a locally hypercyclic, non-hypercyclic tuple. This comes in 
direct contrast to the case of hypercyclic tuples where the minimal 
number of matrices required for hypercyclicity is related to the di- 
mension of the vector space. In this direction we prove that the 
minimal number of diagonal matrices required to form a hyper- 
cyclic tuple on E" is n-|- 1, thus complementing a recent result due 
to Feldman. 



1. Introduction 

Locally hypercyclic (or J-class) operators form a class of linear oper- 
ators which possess certain dynamic properties. These were introduced 
and studied in P|. The notion of a locally hypercyclic operator can be 
viewed as a "localization" of the notion of hypercyclic operator. For a 
comprehensive study and account of results on hypercyclic operators 
we refer to the book [1] by Bayart and Matheron. 

Hypercyclic tuples of operators were introduced and studied by Feld- 
man in [6], [7] and [8], see also [12j. An n-tuple of operators is a fi- 
nite sequence of length n of commuting continuous linear operators 
Ti,T2,...,T„ acting on a locally convex topological vector space X. 
The tuple (Ti, T2, . . . , T^) is hypercyclic if there exists a vector x G X 
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such that the set 

{T^T|^ ...T!:-x:h,h,...,kneNU {0}} 

is dense in X. The tuple (Ti, T2, . . . , T„) is topologically transitive if for 
every pair [U, V) of non-empty open sets in X there exist ki, k2, . . . , kn 
G N U {0} such that T^'T^^ . . .T^"{U) r\V ^ ^. If X is separable it 
is easy to show that (Ti,T2, . . . ,T„) is topologically transitive if and 
only if (Ti, T2, . . . , T„) is hypercychc. Following Feldman [8], we de- 
note the semigroup generated by the tuple T = (Ti, T2, . . . , T„) by 
jr^ = {T'l^T^^ . . .T^^ : ki & {0}} and the orbit of x under the 
tuple T by Orb(T,x) = {Sx : S G J^r}- Furthermore, we denote 
by HC{(Ti,T2, . . . ,Tn)) the set of hypercychc vectors for the tuple 
(Ti,T2, . . . , Tn). 

In this article we extend the notion of a locally hypercychc operator 
(locally topologically transitive) to that of a locally hypercychc tuple 
(locally topologically transitive tuple) of operators as follows. For x G 
X we define the extended limit set J(Ti,T2,...,t„)(2;) to be the set of 7/ G X 
for which there exist a sequence of vectors {xm} with Xm — > x and 
sequences of non-negative integers {km : m G N} for j = 1, 2, . . . , n 
with 

(1.1) + + + +00 

such that 

, (1) , (2) , (n) 

1-y ±2 ■ ■ ■ -l-n -^m ~* y- 

Note that condition (11.11) is equivalent to having at least one of the 
sequences {k^ : m G N} for j = 1,2, ... ,n containing a strictly in- 
creasing subsequence tending to +00. This is in accordance with the 
well-known definition of J-sets in topological dynamics, see [9] . In sec- 
tion 2 we provide an explanation as to why condition (11.11) is reasonable. 
The tuple (Ti, T2, . . . , T„) is locally topologically transitive if there exists 
X G X\{0} such that J(Ti,T2,...,t„){x) = X. Using simple arguments it is 
easy to show the following equivalence. J(Ti,T2,...,T„)(a;) = X if and only 
if for every open neighborhood Ux of x and every non-empty open set V 
there exist fci, A;2, . . . , fc„ G NU{0} such that T^'T^^ . . . T^"(t/^)nl/ ^ 0. 
In the case X is separable and there exists x G X \ {0} such that 
J{Ti,T2,...,T„){x) = X, the tuple (Ti,T2, . . . ,T„) will be called locally hy- 
percyclic. 

In a finite dimensional space over R or C, no linear operator can 
be hypercychc (see [13]) or locally hypercychc (see [5J). However, it 
was shown recently by Feldman in |8jj that the situation for tuples 
of linear operators in finite dimensional spaces over M or C is quite 
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different. There, it was shown that there exist hypercychc (n+l)-tuples 
of diagonal matrices on C" and that no n-tuple of diagonal matrices is 
hypercyclic. We complement this result by showing that the minimal 
number of diagonal matrices required to form a hypercyclic tuple in 
is n + 1. We also mention at this point that in [3j it is proved that 
non-diagonal hypercyclic n-tuples exist on M", answering a question of 
Feldman. 

In the present work we make a first attempt towards studying lo- 
cally hypercyclic tuples of linear operators on finite dimensional vector 
spaces over M or C. We show that if a tuple of linear operators is hy- 
percyclic then it is locally hypercyclic (see section 2). We then proceed 
to show that in the finite dimensional setting, the class of hypercyclic 
tuples of operators forms a proper subclass of the class of locally hy- 
percyclic tuples of operators. What is rather surprising is the fact that 
the minimal number of matrices required to construct a locally hyper- 
cyclic tuple in any finite dimensional space over M or C is 2. This 
comes in direct contrast to the class of hypercyclic tuples where the 
minimal number of matrices required depends on the dimension of the 
vector space. Examples of diagonal pairs of matrices as well as pairs 
of upper-triangular non-diagonal matrices and matrices in Jordan form 
which are locally hypercyclic but not hypercyclic are constructed. We 
mention that some of our constructions can be directly generalized to 
the infinite dimensional case, see section 4. 

2. Basic properties of locally hypercyclic tuples of 

operators 

Let us first comment on the condition fll.ip in the definition of a 
locally hypercyclic tuple. This comes as an extension to the definition 
of a locally hypercyclic operator given in [5]. Recall that a hypercyclic 
operator T : X X is locally hypercyclic and furthermore Jt{x) = X 
for every x G X. In the definition of a locally hypercyclic tuple, one 
may have been inclined to demand that km^ +oo for every j = 
1,2, ... ,n. However this would lead to a situation where the class of 
hypercyclic tuples would not form a subclass of the locally hypercyclic 
tuples. To clarify this issue, we give an example. Take any hypercyclic 
operator T : X X and consider the tuple (T, 0) where : X —>■ X 
is the zero operator defined by 0(x) = for every x G X. Obviously, 
this is a hypercyclic tuple (Or6(0,x) = {x, 0}). On the other hand, 
for every pair of sequences of integers {n^}, {m^} with nk,mk — > +oo 
and for every sequence of vectors Xk tending to some vector x we have 
T^kQirik^^ _j. Q g^j-^^ gQ ^j'^ Q~) would not be a locally hypercyclic pair. 
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Let US now proceed by stating some basic facts which will be used 
in showing that the class of hypercyclic tuples is contained in the class 
of locally hypercyclic tuples. 

Lemma 2.1. If x G HC{(Ti,T2, . . . ,T„)) then J(Ti,T2,...,T„)(a;) = X. 

Proof. Let ?/ G X, e > and m G N. Since the set Orb{T,x) is dense 
in X it follows that the set 

{T^'T^' . . . T^-x ■ki + k2 + ... + kn>m} 

is dense in X (only a finite number of vectors are omitted from the 
orbit Orb(T,x)). Hence, there exist {ki, k2, ■ ■ ■ , kn) G N" with ki + 
k2 + ■ . . + kn > m such that 

\\T^'T^\..Tl^''x-y\\ <e. 

□ 

The proof of the following lemma is an immediate variation of the 
proof of lemma 2.5 in [1]. 

Lemma 2.2. If {xm}, {Vm} are two sequences in X such that 

and Vn y for some x,y e X and ym G J(ri,r2,...,T„)(a;m) for every 

m G N then y G J{Ti,T2,...,t„){x). 

Lemma 2.3. For all x & X the set J{Ti,T2,...,t„){x) is closed and Tj 
invariant for every j = 1,2, ... ,n. 

Proof. This is an easy consequence of Lemma 12.21 □ 

Proposition 2.4. (Ti, T2, . . . , T„) is hypercyclic if and only if it is 

locally hypercyclic and J{Ti,T2,...,t„){x) = ^ for every x E X. 

Proof. Assume first that (Ti, T2, . . . , Tn) is hypercyclic. By Lemma [2?T] 
it follows that (Ti, T2, . . . , T„) is locally hypercyclic. Denote by A the 
set of vectors {x G X : J{Ti,T2,-- ,Tn)i^) = -^}- By Lemma I^TT] we have 
HC{{Ti,T2, . . . , T„)) C A. Since HC{{Ti,T2, T„)) is dense (see [S]) 
and A is closed by Lemma fI72[ it is plain that A = X. For the converse 
imphcation let us consider x G X. Since J(Ti,T2,...,t„){x) = X then for 
every open neighborhood Ux of x and every non-empty open set V 
there exist ki, /ca, . . . A;„ G N U {0} such that T^^T^^ . . . T^"{Ux) nV ^ 
0. Therefore (Ti,T2, . . . ,T„) is topologically transitive and since X is 
separable it follows that (Ti, T2, . . . , T„) is hypercyclic. □ 
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3. Locally hypercyclic pairs of diagonal matrices which 

are not hypercyclic 

In [8], Feldman showed that there exist (n + l)-tuples of diagonal 
matrices on C" and that there are no hypercychc n-tuples of diagonal- 
izable matrices on C". In the same paper, Feldman went a step further 
to show that no ra-tuple of diagonal matrices on M"' is hypercyclic while, 
on the other hand, there exists an (n + l)-tuple of diagonal matrices 
on that has a dense orbit in (M"'")'^. We complement the last result 
by showing that there is an (n + l)-tuple of diagonal matrices on R" 
which is hypercyclic. Throughout the rest of the paper for a vector u 
in R" or C" we will be denoting by m* the transpose of u. 

Theorem 3.1. For every n e N there exists an {n+l)-tuple of diagonal 
matrices on MJ^ which is hypercyclic. 

Proof. Choose negative real numbers ai, 02, . . . , a„ such that the num- 
bers 

1, ai, a2, . . . , On 

are linearly independent over Q. By Kronecker's theorem (see theorem 
442 in [lU]) the set 



{{kai + Si, ka2 + S2, • • • , /ca„ + : k, Si, 



is dense in R". The continuity of the map / : R" ^ I 
f{xi, X2, ■ . . , Xn) = (e^S e^^, . . . , e^") implies that the set 



s„ G NU{0}} 
' R" defined by 



{((e- 



a-i\k„s 



(e'^")V")*: A;,Si,...,s„GNU{0}} 



is dense in (R"*")". An easy argument (see for example the proof of 
lemma 2.6 in [3J) shows that the set 



is dense in 



\ (e"")'=(-v^)^" / 
Let 



k,Si,...,Sn G NU {0} 









\ 


1 
















V 1 J 




v 





6 



G. COSTAKIS, D. HADJILOUCAS, AND A. MANOUSSOS 



/ 1 



\ 

Then the set 



1 / 



{A^5r...5:n:fc,Si,...,s„GNU{0}} 



is dense in M", which imphes that the (n + l)-tuple {A, Bi, 
diagonal matrices is hypercychc. 



Br. 



of 

□ 



All of the results mentioned at the beginning of this section as well 
as the one proved above show that the length of a hypercyclic tuple 
of diagonal matrices depends on the dimension of the space. It comes 
as a surprise that this is not the case for locally hypercyclic tuples of 
diagonal matrices. In fact, we show that on a vector space of any finite 
dimension n > 2 one may construct a pair of diagonal matrices which 
is locally hypercyclic. 

Theorem 3.2. Let a, 6 G R such that —l<a<0,b>l and ^-^^ 
is irrational. Let n be a positive integer with n > 2 and consider the 
n X n matrices 



A 



where ai = a, hi = b, aj,bj real numbers with \aj\ > 1 and \bj\ > 1 for 
j = 2, . . .n. Then {A,B) is a locally hypercyclic pair on M" which is 
not hypercyclic. In particular, we have 



/ ai 





. 


. 


\ 




(b. 
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Proof. Note that 



'} = {(xi,0,...,0)* e M" : ,Ti G M}. 



A'^B^ 



( a^b^ 














\ 









Let X = { 
vector y 



1,0,0, 
= (2/1, 



0)*G 



We will show that Ji 



Fix a 



ynY- By [3l lemma 2.6], the sequence {a b : k,l G 
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N} is dense in M. Hence there exist sequences of positive integers {ki} 
and {li} with kiJi +00 such that yi. Let 

r. = (\ Jll- 

Obviously ^ x and 

A'^'B^'Xi = {aH^',y2,...,ynY ^ y- 

In [HI theorems 3.4 and 3.6] Feldman showed that there exists a hyper- 
cychc {n + l)-tuple of diagonal matrices on C", for every n G N but 
there is no hypercyclic n-tuple of diagonal matrices on C"" or on M". 
Feldman actually showed that there is no n-tuple of diagonal matrices 
on C" or M" that has a somewhere dense orbit ^ theorem 4.4]. So the 
pair {A, B) is not hypercyclic. To finish, note that for every A G M\ {0} 
it holds that J(A,B)(Aa;) = \J{a,b){,x) = M". In view of Lemma [2l2] it 
follows that J(A._B)(0) = M". On the other hand, by the choice of aj, bj 
for j = 2, . . . , n it is clear that for any vector u = {ui, U2, ■ ■ ■ , UnY 
with Uj 7^ for some j G {2, 3, ... , n} we have J(a,b){u) 7^ M". This 
completes the proof of the theorem. □ 

A direct analogue to the previous theorem also holds in the complex 
setting. We will make use of the following result in [8] due to Feldman. 

Proposition 3.3. (i) If b G C \ {0} with \b\ < 1 then there is a 
dense set G {z & C : \z\ > 1} such that for any a G A^, we have 
{a'^U : fc, / G N} is dense in C. 

(ii) If a & C with \a\ > 1, then there is a dense set C {2 G C : 
\z\ < 1} such that for any b G A^, we have {a'^tf : k,l E N} is dense in 
C. 

Theorem 3.4. Let a, 6 G C such that {af'U : k,l G H] is dense in 
C. Let n he a positive integer with n > 2 and consider the diagonal 
matrices A and B as in Theorem \3.S\ where ai = a, bi = b, aj, bj G C 
with \aj\ > 1 and \bj\ > 1 for j = 2,...,n. Then {A,B) is a locally 
hypercyclic pair on C" which is not hypercyclic. In particular, we have 

{zeC^: JiA,B){z) = C"} = 0, . . . , 0)* G C" : ^1 G C}. 

Proof. The proof follows along the same lines as that of Theorem 13.21 

□ 

4. Locally hypercyclic pairs of diagonal operators which 

ARE not hypercyclic IN INFINITE DIMENSIONAL SPACES 

In this section we slightly modify the construction in Theorem 3.2 
in order to obtain similar results in infinite dimensional spaces. As 
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usual the symbol /^(N) stands for the Banach space of p-summable 
sequences, where 1 < p < oo and by we denote the Banach 

space of bounded sequences (either over R or C). 

Theorem 4.1. Let a, 6 G C such that {a^U : k,l E N} is dense in 
C and let c E C with \c\ > 1. Consider the diagonal operators Tj : 
^ IP{N), l<p<oo, j = 1,2, defined by 

Ti(xi, X2, X3, . . .) = (aXi, CX2, CXs, ...), 
T2{xi,X2, Xs, ...) = {bXi, CX2, CX3, . . .), 

for X = {xi,X2,X3, . . .) G PiN), 1 < p < oo. Then (Ti,T2) is a locally 
hypercyclic, non-hypercyclic pair in for every 1 < p < oo and 

(Ti,T2) is a locally topologically transitive, non-topologically transitive 
pair in In particular we have 

{x G P(N) : J(Ti,T.)(x) = F(N)} = {(a:i,0,0, . . .) : Xi G C} 

for every 1 < p < oo. 

Proof. Fix 1 < p < oo and consider a vector y = {yi,y2, ■ ■ ■) G 
There exist sequences of positive integers {/cj} and with ki, U — + 
+00 such that a''' 6'' yi. Let 

. , 2/2 ys 



Obviously Xj — > x = (1, 0, 0, . . .) and 

T^^T^^x, = {aH\y2,y3,...)^y. 

Therefore J{Ti,T2){x) = /^(N). For p = 2 the pair (Ti,T2) is not hy- 
percyclic by Feldman's result which says that there are no hypercyclic 
tuples of normal operators in infinite dimensions, see [8]. However, 
one can show directly that for every 1 < p < oo the pair (Ti,T2) is 
not hypercyclic and (Ti,T2) is not topologically transitive in 
Indeed, suppose that x = {xi,X2,...) G P{N) is hypercyclic for the 
pair (Ti,T2), where 1 < p < oo. Then necessarily X2 and the 
sequence {c"} should be dense in C which is a contradiction. For the 
case p = oo, assuming that the pair (Ti,T2) is topologically transitive 
we conclude that the pair {A, B) is topologically transitive in C^, where 
A{xi,X2) = {axi,cx2), B{xi,X2) = (6x1,0x2), (xi,X2) G C^. The latter 
implies that {A, B) is hypercyclic. Since no pair of diagonal matrices is 
hypercyclic in C^, see we arrive at a contradiction. It is also easy to 
check that {x G /^(N) : J{t^,T2){x) = /^(N)} = {(xi,0,0, . . .) : Xi G C} 
for every 1 < p < 00. □ 
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Remark 4.2. Theorem 4.1 is valid for the P{N) spaces over the reals 
as well. Concerning the non-separable Banach space Z°°(N) we stress 
that this space does not support topologically transitive operators, see 
[2] . On the other hand there exist operators acting on l°° (N) which are 
locally topologically transitive, see 

5. Locally hypercyclic pairs of upper triangular 
non-diagonal matrices which are not hypercyclic 

We first show that it is possible for numbers ai, 02 G M to exist with 
the property that the set 

is dense in M and at the same time the sequences on both the numerator 
and denominator stay unbounded. For our purposes we will show that 
the set above with 02 = —1 and ai = a is dense in R for any a G M 
with a > 1. Actually we shall prove that the set 

is dense in M for any a G M with a > 1. From this it should be obvious 
that the result above follows since the image of a dense set in M \ {0} 
under the map /(x) = 1/x is also dense in R. 

Lemma 5.1. The set 

is dense in R for any a > 1. 

Proof. Let x G R and e > be given. We want to find fc, / G N such 
that 



There are two cases to consider, namely the cases x > and x < 0, 
and we consider them separately (the = is trivial since keeping 

/ fixed we can find k big enough which does the job). 

Case I (x > 0): There exists A; G N such that l/a^ < e/2. We will 
show that there exists a positive odd integer / = 2s — 1 for some s G N 
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for which 



2s 



— X 



X 



< e. 



But note that this is true since consecutive terms in the sequence 
{2s/a'^ : s e N} are at distance < e units apart and so, for 

some s e N it holds that |f - ^ - ^jtft £ {x - e,x + e). 

Case II (x < Oj; There exists A; e N such that I /a}" < e/2. We will 
show that there exists a positive even integer I — 2s for some s e N for 
which 



— X 



k 



2s 



; X 



< e. 



But note that this is true since consecutive terms in the sequence 
{2s /o!^ : s e N} are at distance 2/a^ < e units apart and so, for 



some s e N it holds that 



k 



2s 



e (x — e, X + e). 



□ 



Lemma 5.2. Let x e M\ {0}, a > 1 and consider sequences {ki}, {/j} 
of natural numbers with ki,li — > +oo such that 



a _ 7 
_a ''J_ 



X. 



Then both the numerator and denominator stay unbounded. 

Proof. This is trivial since the denominator grows unbounded and so 
it forces the numerator to keep up. □ 

Remark 5.3. The case where x = is the only one for which one 
has the freedom of having the denominator grow unbounded and keep 
the numerator bounded. However, if one requires both numerator and 
denominator to stay unbounded then the numerator can also be made 
to grow unbounded (growing at a slower rate than the denominator). 

Let us now proceed with the construction of a locally hypercyclic 
pair of upper triangular non-diagonal matrices on which is not hy- 
percyclic. 

Theorem 5.4. Let n be a positive integer with n>2 and consider the 
n X n matrices 

/ aj ... 1 \ 



A, 



aj 
aj 

V 
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for j = 1,2 where ai > 1 and 02 = —1. Then (^1,^2) is a locally 
hypercyclic pair on which is not hypercyclic. In particular, we have 



{xeW: J(Ai,A2)(x) = 
Proof. It easily follows that 



'} = {(a;i,0,...,0)* e M" : xi G M}. 






V 





k I 








ala2 











a 






h 1 

ala2 



I 



Let X 7^ 0. We want to find a sequence Xi = {xii,Xi2, ■ ■ ■ , XmY, i E N 
which converges to the vector {x,0, . . . , 0)* and such that for any vector 
w = {wi,W2, . . . , WnY there exist strictly increasing sequences {kt}, {k} 
of positive integers for which A^^A^^Xi w. Without loss of generality 
we may assume that w„ 7^ 0. This is equivalent to having 



ai a2Xii + a{a2 1 

cti 02 



Xi 



Wi 



and 



^1 '^'ij 



for j = 2, . . . ,n. By Lemma [5.11 there exist sequences {ki} and {/j} of 
positive integers such that ki,li — > +00 and 



Oi-\ CLry 



ai a2 



Wr. 



X 



We set 



for j 



X — 



WiX 



Wr. 



,n — 1, and 



kj I ij 

ai 02 



Xi. 



Xi 



X 



WjX 



w„ 



kj I 

ai a2 



ai a2 



Note that, because of Lemma [5l2l xn 
Substituting into the equations above we find 



X and Xij 



for j 



n. 



12 

and 
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for j 



Q/-^ — Ct-^ ^2 



, 77, — 1 as well as 



WjX 



^1 ^2 '^i'^ — ^1 



X 



ai a2 



The pair {Ai,A2) is not hypercyclic. The reason is that if it is 
hypercyclic then there is a vector y = {yi,y2, ■ ■ ■ yVnY ^ I^" such that 
the set {A'lA2y : k,l e NU{0}} is dense in M"-. Hence the set of vectors 



[ \ 



k I 



: A;, / G NU {0} 



is dense in M". If ?/„ = then it is clear that the last coordinate cannot 
approximate anything but 0. If ?/„ 7^ then, since ai > 1 and 02 = —1 
the sequence {\a\a[yn\ : k,l e NU {0}} = {|ai|^|?/„| : k e N U {0}} 
is geometric and so cannot be dense in R+. It is left to the reader to 
check that 



{x e M" : = M"} = {(xi, 0, . . . , 0)* G M" : Xi G M}. 



□ 



In what follows we establish an analogue of Theorem 15 .41 in the com- 
plex setting. 

Lemma 5.5. Let a, 6 he real numbers such that a > 1 and 9 an irra- 
tional multiple ofiT. Then the set 



Jl. _ / 



k,l EN 



is dense in C. 



Proof. Let w = \w\e^'^ G C\{0} and e > 0. By the denseness of the 
irrational rotation on the unit circle and by the choice of a, there exists 
a positive integer k such that 

k 



-ike 



o^'t> I 



< 



A\w\ 



and 



e 
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By the proof of Lemma 15.11 there exists a non-negative odd integer 
Z = 2s — 1 for some s G N such that 



\w\ 



2s 



Using the above estimates it follows that 

k 



Ji / 



— \w\e 





k 




< 








+ 



< 



kc'ikO 



(-1)' 



— \w\e' 



< 



< 



k 



k~l 



+ 



-I 



a^(-l)' 
e e e 

4 + 2 + 4='- 



\w\ 



+ \w\\e 



-ike 



^i(f> I 



□ 



We now construct a pair of upper-triangular non-diagonal matrices 
which is locally hypercyclic on C" and not hypercyclic. 

Theorem 5.6. Let n be a positive integer with n >2 and consider the 
n X n matrices 



A, 



( % 




Vo 










a,- 



1 \ 






aj ) 





/or j = 1,2 where a\ = ae^^ for a > 1, 6 an irrational multiple of n 
and 02 = —1. Then (^41,^2) is a locally hypercyclic pair on C" which 
is not hypercyclic. In particular, we have 

G C" : J(Ai,A.)(^) = C"} = {(^1, 0, . . . , 0)* G C" : ^1 G C}. 

Proof. The proof follows along the same lines as the proof of Theorem 
15.41 where use is made of Lemma 15.51 instead of Lemma 15. 1[ □ 



Remark 5.7. Note that for n = 2 the upper triangular matrices we 
obtain in Theorems 15.41 and 15.61 are in Jordan form. This gives an 
example of a locally hypercyclic pair of matrices in Jordan form which 
is not hypercyclic. 



6. Concluding remarks and questions 

We stress that all the tuples considered in this work consist of com- 
muting matrices/operators. Recently, in plj Javaheri deals with the 
non-commutative case. In particular, he shows that for every positive 
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integer n > 2 there exist non-commuting linear maps A, B : ^ M"- 
so that for every vector x = {xi,X2, ■ ■ ■ , Xn) with Xi 7^ the set 

. . . B'^-A^'^x : kj, l^eNU {0}, I < j < n} 

is dense in M". In other words the 2n-tuple {B, A, . . . , B , A) is hyper- 
cychc. 

The following open question was kindly posed by the referee. 
Question. Suppose (Ti, T2, . . . , T^) is a locally hypercyclic tuple of 
(commuting) matrices such that J{Ti,T2,...,Tm){^) = ^ finite set of 

vectors x in M" whose linear span is equal to R". Is it true that the 
tuple (Ti, T2, . . . , Tm) is hypercyclic? Similarly for C". 

Acknowledgements. We would like to thank the referee for an ex- 
tremely careful reading of the manuscript. Her/his remarks and com- 
ments helped us to improve considerably the presentation of the paper. 
Finally we mention that Theorem 4.1 is due to the referee. 
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